We identify the specific polarizations for the two components of a bichromatic field, which produce pure superposition states of atoms with a specific magnetic quantum number m via coherent population trapping. The superposition states are composed of two Zeeman substates magnetic quantum number m of the two ground-state hyperfine levels with arbitrary angular momenta F 1 and F 2 . It is established that in the general case of m 0, optical fields with elliptical polarizations are needed for the preparation of such a pure state. It is shown analitically that a unique advantage of the D1 line ͑over the D2 line͒ of alkali-metal atoms is the possibility that pure m-m states may be generated even if the excited-state hyperfine levels are not spectrally resolved. DOI: 10.1103/PhysRevA.73.013812 PACS number͑s͒: 42.50.Gy, 32.70.Jz, 32.80.Bx, 33.70.Jg For many applications such as high-precision spectroscopy, frequency standards, magnetometry, lasers, masers, quantum informatics, etc., it is advantageous to be able to prepare ͑in a controllable way͒ pure quantum states of atoms, which are superpositions of different nondegenerate states. The preparation of pure superposition states is of fundamental physical interest, because it is a necessary ingredient of the ultimate control of the state of quantum systems. Specifically, in such important applications as frequency standards and magnetometers it allows one to observe resonances with maximal amplitude and contrast, which can result in improved stability, accuracy, and sensitivity of these devices. The coherent population trapping ͑CPT͒ effect ͓1,2͔ is one possible way to prepare superposition states by optical means. The resulting pure quantum states are dark ͑nonab-sorbing͒ states in this case. In 1993 Cyr et al. proposed using CPT with a frequency-modulated laser field in all-optical frequency standards ͓3͔. They also pointed out the possibility of the size reduction of such devices. Recently, owing to the progress in laser and cell microfabrication techniques, chipscale atomic clocks ͓4͔ and magnetometers ͓5͔ have become growing fields of research. These studies may result in the comerciallization of chip-scale and low-power atomic clocks and magnetometers, which will find use in a wide range of applications from communication and navigation to geophysics and medicine ͓4-6͔. In addition, the use of CPT interrogation instead of the usual optical-microwave doubleresonance technique in passive ͓7͔ and active ͑maser͒ ͓8͔ frequency standards can result in improved performance.
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The pure dark-state preparation occurs naturally in a model three-state ⌳ system, which has been extensively studied from a variety of perspectives ͓2,9͔. However, an ideal ⌳ system is not generally realized in real atoms. Therefore, finding an excitation scheme that will generate a pure superposition state is not trivial for real atoms, which in addition to hyperfine structure have large manifolds of Zeeman substates ͓7,10-14͔. This problem has been addressed in several papers ͓12-14͔ for the important ͑for clock applications͒ particular case of Zeeman states with magnetic quantum number m =0.
Based on the results of ͓12-14͔ we can formulate two main conditions for the generation of optimal CPT resonances, for which the amplitude and contrast are maximal: ͑i͒ A pure dark superposition state has to exist at the exact two-photon resonance. ͑ii͒ Trap states, which we define as dark states insensitive to the Raman detuning, should be absent. If condition ͑ii͒ is not fullfiled, some atoms will be accumulated in such trap states due to optical pumping and they will not contribute to the CPT resonance.
In the present paper, we investigate theoretically the possibility of preparing dark superposition states in the system of Zeeman substates of the ground-state hyperfine levels with total angular momenta F 1 and F 2 . It is assumed that a bichromatic field excites the two-photon resonance in a ⌳ configuration. General requirements for the polarizations of the two frequency components are given for the case where a pure dark state is a superposition of Zeeman ͉F 1 , m͘ and ͉F 2 , m͘ substates with the same magnetic quantum number m at a frequency detuning corresponding to the two-photon m -m resonance. Such resonances are used in atomic clocks and magnetometers based on CPT ͓15-17͔. We focus mainly on the specific case of alkali-metal atoms ͑where F 2 = F 1 +1͒. We show that in this case the m-m dark states are generated by the 1 Ќ 2 configuration of the bichromatic running wave, for which the semimajor axes of the polarization ellipses are orthogonal. The ellipticity parameters 1 and 2 are coupled by a relationship depending on the m and F atomic quantum numbers of the particular superposition state. In the particular case of m = 0, the pure dark 0-0 states are prepared in the Ќ field configurations, where the frequency components have the same ellipticity. We study also the situation when the excited-state hyperfine structure is not spectrally resolved ͑e.g., due to optical transition broadening by collisions with a buffer gas͒. It is shown that for the D1 line of alkali-metal atoms, the form of all dark m-m states does not depend on the excited-state angular momentum F e , while for the D2 line it does. Therefore, in the D1 line case only the dark superposition state can be prepared even in the absence of spectral resolution of the excited-state hyperfine levels.
We consider the resonant interaction of atoms with a two-frequency field formed by running waves, which copropagate along the z axis:
The frequency components of this field have arbitrary complex amplitudes E 1,2 and elliptical polarizations described by unit vectors a 1,2 . These vectors can be written in the spherical basis ͑e ±1 = ϯ ͑e x ± ie y ͒ / ͱ 2͒ as
where j is the ellipticity parameter ͑angle͒ of the jth spectral component, ͉tan j ͉ is equal to the ratio of the length of the semiminor axis of the ellipse to that of the semimajor one ͓Fig. 1͑a͔͒, and the sign of j governs the direction of the field vector rotation. is the angle between the semimajor axes of the two polarization ellipses. It is assumed that a static magnetic field B along the z axis is applied ͓Fig. 1͑a͔͒. The bichromatic light field ͑1͒ drives the two-photon resonance of ⌳ type between the two ground-state hyperfine levels with the total angular momenta F 1 and F 2 ͑where F 1 and F 2 can be either integers or half-integers͒. The wave functions of the Zeeman substates will be denoted as ͉F 1 , m͘ and ͉F 2 , m͘. When the hyperfine structure of the excited state is resolved, the two-photon resonance can be excited ͑at a suit- The main objective of the present paper is to determine conditions for the existence of dark states ͉dark ͑m͒ ͘, which are a coherent superposition of the ground-state Zeeman sublevels ͉F 1 , m͘ and ͉F 2 , m͘ with the same azimutal angular momentum projection m:
These dark states satisfy
at the exact two-photon m-m resonance when 1 − 2 = ͑E F 2 m − E F 1 m ͒ / ប. In the course of the optical pumping process, atoms are accumulated in the dark m-m state and the pure superposition state ͑4͒ and ͑5͒ will be generated. For the sake of simplicity we shall assume that the ground-state Zeeman splitting exceeds significantly the width of the two-photon m-m resonances, making them spectrally resolved. As is seen from Fig. 1͑b͒ , the transitions between the states ͉F 2 , m͘ and ͉F 1 , m͘, induced by the + or − circularly polarized field components, form simple threestate ⌳ systems. The dark states for each of those ⌳ systems can be written in the form 
F e m+1 C ͑F+1͒m,1−1
i.e., it is negative and is independent of the value of F e , which can be either F or F + 1. Since the RHS of Eq. ͑8͒ is positive, we obtain the necessary condition e i2 = −1; i.e., the angle between the semimajor axes of the polarization ellipses should be right ͑ = /2͒. Thus, the general universal bichromatic field configuration for pure dark-state ͉͑dark ͑m͒ ͒͘ generation is the 1 Ќ 2 configuration. The frequencycomponent amplitudes E 1,2 are arbitrary, and the ellipticity parameters 1,2 have to obey the relationship
Let us consider the following particular cases. ͑A͒ The symmetric Ќ ͑−͒ configuration, where the polarization ellipses are the same, with the field vectors rotating in the opposite directions. Inserting 1 =− 2 = in Eq. ͑10͒, we find the condition
which relates the ellipticity parameter to the quantum numbers m and F. ͑B͒ The configuration linЌ ͑or Ќ lin͒, where one frequency component is linearly polarized ͑ 1 =0 or 2 =0͒. From Eq. ͑10͒ we obtain tan = ±m / ͑1+F͒, where the sign ͑ϩ͒/͑Ϫ͒ corresponds to ͑linЌ ͒ / ͑ Ќ lin͒, respectively.
We consider also, the field configurations + -+ or − -− ͑where both frequency components have the same circular polarization-i.e., 1 = 2 = ± /4͒, which clearly obey the condition ͑10͒. However, these cases do not satisfy to condition ͑ii͒, because in addition to the superposition states ͉dark ͑m͒ ͘ there exists a "trap" dark state ͓the end Zeeman state ͉F +1,m = ±͑F +1͔͒͘ that is insensitive to the frequency difference ͑ 1 − 2 ͒. As a result, it is not possible to prepare a pure superposition state and the atomic state will always correspond to a statistical mixture of ͉dark ͑m͒ ͘ and ͉F +1,m = ±͑F +1͒͘.
The two-photon 0-0 resonance is of great importance in view of possible applications to atomic clocks. Let us consider this resonance separately. Inserting m = 0 in Eq. ͑10͒, we see that 1 = 2 = ; i.e., the general configuration is Ќ , where the two frequency components have the same ellipticity and direction of rotation. The particular case of = 0 corresponds to the linЌ lin field configuration. Actually, the configurations linЌ lin and Ќ imply a specific phase relationship between ratios of the frequency amplitudes of the + -and − -polarized components. Namely, these ratios should differ in phase by to compensate the corresponding phase difference of the Clebsch-Gordan coefficients. It should be noted that the problem of the phase difference between the + and − coherence was first pointed out by Levi et al. ͓19͔ . From a general point of view a double-⌳ system is phase sensitive due to the closed excitation loop ͓20͔. Later on, this specific phase difference was realized experimentally in several works ͓12-14͔ in order to increase the dark-resonance contrast. The most direct implementation was by Zanon et al. ͓14͔ . They used two phase-locked, orthogonally polarized lasers ͑linЌ lin field͒ to observe twophoton Ramsey-type resonances. Another approach was taken by Jau et al. ͓13͔ in their push-pull optical pumping scheme, in which amplitude modulation is converted into periodic modulation of the field polarization between + and − at a frequency equal to one-half the ground-state splitting. This method gives the required phase difference as becomes clear when Fourier analysis is applied to the problem. The technique of increasing the contrast of the dark resonance described in our papers ͓12͔ is based on the constructive interference of the two-photon transitions excited by counterpropagating waves with orthogonal circular polarizations ͑ + -− standing wave͒. This method also can be interpreted in terms of the bichromatic linЌ lin configuration, which is formed here locally in space, unlike ͓14͔.
Let us proceed with a general analysis of the m-m resonances for the D1 and D2 lines. As follows from Eq. ͑10͒, the parameters 1,2 in the 1 Ќ 2 configuration do not depend on the angular momentum F e of the excited state. Nevertheless, the explicit form of the dark state ͉dark ͑m͒ ͘ can depend on F e in the general case. As can be derived from Eq. ͑6͒, this dependence is governed by the ratio of dipole moment matrix elements:
F e m+1 /͑d F 2 F e C F 2 m,11 F e m+1 ͒. ͑12͒
If the excited-state hyperfine structure is not spectrally resolved, which is often the case due to the presence of a buffer gas, such dependence ͑if present͒ leads to important consequences. Using the well-known formula ͑see, e.g., ͓18͔͒ for the reduced dipole moment elements ͑d F 1 F e and d F 2 F e ͒, one can see that for the D2 line of alkali-metal atoms the ratio ͑12͒ does depend on the excited-state angular momentum F e and is equal to
Consequently, the dark state ͉dark ͑m͒ ͘ will depend explicitly on F e . Due to this reason, a dark state common to both excited-state hyperfine levels, nullifying the interaction with the field, does not exist. Moreover, in the D2 line there are cycling transitions to the levels F e = F −1,F + 2. These transitions cannot form a ⌳ resonance, but rather generate additional ground-state decoherence. Thus, in the absence of the spectral resolution of the excited state, the pure superposition state ͉dark ͑m͒ ͘ cannot be realized in the D2 line. A completely different type of situation occurs in the D1 line, where the ratio ͑12͒ does not depend on F e :
d FF e C Fm, 11 F e m+1 d ͑F+1͒F e C ͑F+1͒m,11
For example, the dark state ͉dark ͑m͒ ͘ in the symmetric Ќ ͑−͒ configuration ͑11͒ for any m has the form
It can be seen that the amplitudes E 1 and E 2 of the two frequency components determine the substate populations. Note that the Ќ ͑−͒ configuration can be obtained from the linЌ lin configuration simply by adding a quarter-wave plate to the beam path. Thus, on the D1 line, the dark superposition states ͉dark ͑m͒ ͘ can be prepared even in the absence of spectral resolution of the excited state. This is a key advantage of the D1 line over the D2 line for the observation of the dark resonance and their use in applications.
For the sake of completeness, we give the results for other possible variants of the ground-state momentum values F 1 and F 2 , which are allowed by the selection rules for the two-photon resonance of the ⌳ type. These results follow from the analysis of Eq. ͑8͒. In practice, such cases can be realized, in principle, in several atoms with complicated ground-state structure and also by using metastable levels.
The selection rules allow the following combination of the total angular momenta: F 1 = F, F 2 = F + 2, and F e = F +1. In this case, the dark state ͉dark ͑m͒ ͘ is generated by the 1 ʈ 2 field configuration, where the semimajor axes of ellipses are parallel ͑ =0͒ and the ellipticity parameters 1,2 obey the condition ͑1 + F − m͒͑2 + F − m͒ ͑1 + F + m͒͑2 + F + m͒ = tan͑ 1 + /4͒ tan͑ 2 + /4͒ . ͑16͒
The amplitudes E 1,2 are arbitrary. The last case is F 1 = F 2 = F, where the two-photon resonance can be excited via the excited-state level with different momenta F e = F, F ± 1. Here, for any F e , the dark states are generated by the field configuration ʈ , which is independent of m and where the frequency components have the same elliptical polarization.
In conclusion, we have proposed configurations of a bichromatic field, which allow for the preparation ͑with the use of the CPT effect͒ of pure superpositions of the m-m states for arbitrary magnetic quantum number m. It has been shown that in the general case of m 0 it is necessary to use elliptically polarized fields. We have found that if the hyperfine structure of the excited state is not resolved, the darkstate superpositions in alkali-metal atoms can be generated only in the D1 line. The results may have applications in atomic clocks, magnetometers, and quantum informatics. The preparation of the pure m-m states looks especially attractive in magnetometers, where it allows for a highcontrast resonance with maximal sensitivity to a magnetic field. Moreover, the pure m-m states with maximal ͉m͉ = F are almost immune to the spin-exchange relaxation, which can be useful in both magnetometer and clock applications ͓21͔
